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The limit cycle behaviour of the intensity and of the polarization of a monochromatic two-polar-
ization-mode laser with an intensity coupling asymmetry and a linear phase anisotropy is studied 
analytically. In a previous paper we found such limit cycle oscillations numerically. Explicit formulae 
are derived by perturbation methods for the case of small intensity coupling asymmetry and for the 
case of large pumping, respectively, which describe the dependence on the laser parameters of the 
limit cycle period as well as of its amplitude. 
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1. Introduction 

Great interest has been shown in the electric field 
polarizat ion behaviour of gas lasers [1 -7 ] . Recent ex-
periments have led to the observat ion of polar izat ion 
instabilities and chaos [8]. In a previous article [7] we 
have formulated the polarization dynamics of a mono-
chromatic two-polarization-mode laser with symmetry 
breaking by linear phase aniso t ropy in coopera t ion 
with intensity coupling asymmetry , resort ing in par-
ticular to Van Haeringen's classical paper [1]. Using 
the circular polarization unit vectors ( e + , we have, 
for the slowly varying vector ampli tude of the lasing 
electric field E(t) oc u^t) e+ +e2i02~in'2 u2(t)e_, the 
following equat ions of mo t ion in their canonical di-
mensionless form 

ü 1=pul+(j)u2 

- [ ( l - A / O l u ^ + a + A / O K I 2 ] ^ , ( l a ) 

u2=pu2-(j)ul 

~[(1 + Aß)\ux I2 + (1 ~Aß)\u2\2] u2. ( l b ) 

Here, the dimensionless paramete rs p, Aß, and 0 char-
acterize the p u m p rate, the intensity coupl ing asym-
metry, and the linear phase anisotropy, respectively. 
The physical range of Aß is — 1 <Aß<\ (cf. [7]). 02 

indicates the direction of the main axes of the linear 
phase loss tensor. The impor tance of the l inear phase 
anisotropy for the polar izat ion az imuth has been 
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pointed out earlier by Van Haeringen [9,10]. Here we 
study its influence on the polarizat ion ellipticity. In-
t roducing the useful bilinear variables (cf. [7]). 

I = | M l | 2 + |u 2 | 2 , (2a) 

I- = \ul\2 — \U2\2, (2b) 

y = 2 R e ( u * u 2 ) , (2c) 

z =2 Im(w*M 2 ) , (2d) 

the dynamics is reduced from third order to second 
order nonlinearity 

/ =2(p-I)I + 2Aß I 2 , (3) 

/_ = 2 ( p —/) /_ + 2 Aß / J_ +2(/> y , (4) 

y = 2 ( p —/) y — 2 0 / _ , (5) 

z = 2 ( p - I ) z . (6) 

In addit ion there is the constraint 

I = ^/l2+y2 + z: (7) 

N o t e that I, / _ , and y have themselves a closed 3-vari-
able dynamics. 

As we obtained in [7], the stable solutions of the 
above equat ions in the lasing state p > 0 are as follows. 
Outs ide the parameter range 

0<Aß<Aßc = 
y i + ^ + l ' 

(8) 

we have stable steady state solutions and, more specif-
ically, for Aß<0 there is a symmetric ou tpu t steady 
state, i.e., JL = 0 , also I — p, y = 0, the polarizat ion of 
the total electric field E is linear. F o r Aß>Aßc there is 
an asymmetric output steady state with | / _ | > 7 / ^ / 2 ; 
this is, fur thermore, a bistable state because / _ can 
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either be positive or negative; E is almost circularly 
polarized. 

In the parameter window (8) we observe, by numer-
ical integration of (3)-(5), a limit cycle solution. Lin-
ear stability analysis of the steady states near the pa-
rameter window indicates that at Aß — 0 and Aß = Aßc 

there are two different kinds of Hopf bifurcations. It is 
the goal of our present paper to give a detailed analyt-
ical study of this interesting behaviour. First the tran-
sitions to the time dependent state f rom both sides of 
the parameter window (8) when varying Aß are eluci-
dated (Sect. 2). Using frequency-renormalized pertur-
bat ion methods we then derive explicit, though ap-
proximate, formulae for small Aß (Sect. 3) and for large 
p (Sect. 4), which describe the dependence of the limit 
cycle period and its intensity span as functions of the 
parameters p, Aß, and 0. O u r main results are (31) and 
(51), which can be tested experimentally. In the case of 
small Aß the deviation of the limit cycle period from 
its value for symmetric intensity coupling Aß = 0 
(which is n/(2(f))) increases by a factor propor t ional to 
(pAß/(f))2 while the intensity oscillation spans the 
range / m a x - / m i n % p Aß; in the case of large pumping 
and near the transi t ion point Aßc, the oscillation is 
highly anha rmonic and /m a x — / m i n ^ 2 0 . The oscilla-
tion period exhibits slowing down with the scaling 
(Aßc — Aß)~il2 towards the transit ion point Aßc. Fi-
nally some conclusions are offered in Section 5. 

D. Yao and S. Großmann • A Laser Limit Cycle 
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Fig. 1. The intensities I(t) and /_ (t) as functions of time t 
obtained by numerical integration of (3) (5). Here p = 2.0, 
4> = 0.2, and Aß = 0.02. Note the transients before entering the 
periodic state. 
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Fig. 2. The same as in Fig. 1 except Aß = 0.15, which is near 
the transition point Aß OAS. Note that the transients in 
this case are shorter. 

In tens i ty 
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t i m e 

2. Transition to the Limit Cycle 

The emergence of time dependent solutions can be 
directly demonst ra ted by numerical integration of the 
dynamical equations, see Figs. 1 and 2 for examples. 
Qualitatively we see that in contrast to the steady 
state cases, where one of the two variables /_ and y is 
zero or very small, all three variables can have an 
appreciable magnitude. 

A nonzero 0 with appropr ia te Aß is crucial for the 
emergence of the time dependent solutions. Time 
varying behaviour still exists at Aß-0, a l though the 
solution here depends on the initial condit ions (see 
below), while at Aß = Aßc it matches the asymmetric 
ou tpu t steady state. These observations demonstra te 
different types of Hopf bifurcations at the two transi-
tion points. 

If Aß > 0, the symmetric output state /_ = 0 exists but 
is unstable from the results of linear stability analysis in 
[7]. We now conclude from (7) and in accordance with 
(3)—(5), 0 < | / _ | < / , 2(p — / ) / < / < 2 [ p — (1— Aß) I] I. 

The latter inequality gives an est imate of / , 

p<I(t)< ^ P' when Aß>0. (9) 

But once I{t)>p is guaranteed, (6) implies z = 
2 Im(u* u2) -> 0. This means an absolute phase lock-
ing between u{ and u2, which has already been identi-
fied for the asymmetr ic output s teady state in [7]. 

The approach of z to zero has the consequence (from 
(7)) 

I = Jl2_+y2. (10) 

Thus in the time dependent solut ion range there can 
be no chaos, because there are effectively only two 
variables. Instead, there must be a limit cycle. 

The above results show that a phase transition hap-
pens at Aß = 0 when Aß goes f rom negative to positive 
values, namely, 

A ß < 0 • in» V |0. Aß>0. 
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Aß<0 favors a symmetric steady state, while Aß>0 
implies states with symmetry breaking (/_ ^ 0 ) , which 
can be either an asymmetr ic ou tpu t steady state 
(Aß>Aßc) or a time dependent state ( 0 < A ß < A ß c ) . 

How can the ab rup t change expressed by (11) take 
place? This becomes unders tandable if one realizes 
that Aß = 0 is just a case of neutral stability in which 
the solutions can be exactly evaluated and show de-
pendence on the initial condit ions even for t -» oo. 
Namely, if Aß = 0, 

I(t) = 
1 -+-[p//(0) — 1 ] e~2pt P, (12a) 

I-(t) 
p/n o) 

1 H-[p//(0)— 1] e~2pt 

• {/_ (0) cos 2 0 r + y(0) s i n 2 0 f } 

1(0) 

y(t) = 

{/_ (0) c o s 2 0 f + y(0) s i n 2 0 ?}, (12b) 

P/I( 0) 
\+[p/I(0)-\]e-2pt 

• {y(0) c o s 2 0 t-I_(0) s i n 2 0 r } 

P 
1(0) 

(y(0) c o s 2 0 r —/_ (0) s i n 2 0 t}, (12c) 

z(t) =z( 0) 
P/K 0) 

\+[p/K0)-\]e -2pt 
1(0) 

z( 0), (12d) 

with the constraint (7) for the four real initial values. 
When Aß becomes nonzero, all solutions tend to one 
asymptot ic state, independent of the initial values. 

Fo r an analytical discussion of the time dependent 
solution and of the phase transi t ion f rom this solut ion 
to the asymmetric ou tpu t steady state we int roduce a 
t ransformat ion that is also suggested f rom the relation 
(10), 

7 _ = / c o s i ^ , y = / s i n i / / . (13) 

Then 

i/Ä = — 2 0 — Aß / sin (2 0), 

i = 2(p — I) I + 2Aß I2 c o s V -

(14a) 

(14b) 

Evidently for | Aß / / ( 2 0 ) | < 1 a steady state solution 
for ip is impossible. Therefore a time dependent solu-
tion emerges. But f rom (9), the larger Aß the larger / 
can be. So there will be a critical value Aßc above which 
a stable steady state is possible again. This is the mech-
anism of the phase transi t ion f rom the time dependent 
solution back again to a stable steady state in which 

ij/° must be such that asymmetry with 7° should be 
implied. If T denotes the period of / , i.e. I(t+T) — I (f), 
we learn f rom (14) that \j/(t + T) — \J/(t) — s ign(0) n, so 
/_ and y have the period 2 T . T will be determined as 
a function of the parameters below. The magni tude of 
the intensity in the limit cycle state can be roughly 
estimated f rom (9) to vary between 

p<I(t)< 
1 - A ß c 

(15) 

One should note that the limit cycle solution is a 
singular one in the sense that for A ß ^ O the 0 = 0 
solution and that of 0 -> 0 cannot be matched 
smoothly. 

3, Small Interaction Asymmetry Aß 

We now determine perturbatively the period and 
the intensity ampli tude of the limit cycle laser ou tpu t 
as functions of the parameters p, 0 , and Aß. We proceed 
to t ransform (14) into a more compact form (without 
loss of generality assuming 0 > 0). 

diA 
dr 

dr 

= —2(1 +pr sin iJ/), 

— = 2 p ( l —r) r + p r2 cosi/J', 
d r 

where 

$ = 2 \\t, i = 2 0 t , r= j , 

(16 a) 

(16b) 

(16 c) 

p ~Aß ~ p 
/=—V—, p = I — , p= — . (16d) 

1 - i A ß M 2 0 y 2 0 v ' 

We can consider p and p as two independent pa rame-
ters. 

In the parameter domain (8) of the time dependent 
solution we have 

T = MC> and then 2 - A ßc(j) 

1 
Pc = 

x/T+WpP 
< 1 , 2 p>pc. (17) 

Thus p can be taken as a small quant i ty and p 0 
only when Aß -> 0. Natural ly we now seek an expan-
sion for the solution in terms of this small quant i ty , 

oc oo 

£(*)= L $n(t)Pn, r(T)= I rn(f) p", (18) n=0 n=0 
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with a frequency-renormalized time variable T defined 
as 

/ oo \ 
(19) T = ( l + I CNFI")T, 

n= 1 

where the cn are constants and will be chosen to com-
pensate the secular terms in the per turbat ion equa-
tions. They are determined together with {$„{f), r„(f)} 
order by order in a self-consistent way [11], Inversely 
we have 

T = T{1 -c1p-{c2-cj)p2+ •••}. (20) 

Not ing that rn(f) must be periodic and, without 
loss of generality assuming i//(f = 0) = 0, which implies 
i//„(f = 0) = 0 for all n, we have now 

d<Ao = - 2 , 
drn 

= 2 p ( l - r 0 ) r 0 , 
d i dx 

which give the asymptot ic solution 

ij/0(x)=-2x, r0 (t) = 1. 

To the first order in p we have 

(21) 

(22) 

diAi di^ 
—— = — 2(c1 — s in2i) , — =—2p rl+cos2x. (23) 
dx d i 

There is no secular term to be compensated with a 
nonzero c x . The self-consistent solution to this order 
is 

cx = 0 , t^1(f) = l — c o s 2 f , 

1 
M T ) = 

2 ( 1 + P 2 ) 
^r- (sin 2T + P cos 2T) . (24) 

U p to the second order in p we have 

di£2 3 + 2p 2 , 
- p r = — 21 c , — — — — I — 2 cos 2 t 

+ 

4(1 + p2) 

P . 1 + 2 p2 

s i n 4 t + — — c o s 4 t , 

d r , 

2 ( 1 + p 2 ) 2(1 + p2) 

P — = — 2p r?-\ -—r- — sin 2 T 
d f F 2 4(1 + p ) 

1 / 1 \ . p(3 + p2) 
+ - 1 + ^ s i n 4 i + — 

2\ (1 + p 2 ) V 4 ( 1 + p 2 ) 2 

with the self-consistent solution 

3 + 2 p2 
c ? = r- > 

4 ( 1 + p 2 ) ' 

l + 2 p 2 

<A2 (T) = — sin 2 T + : — — sin 4 T 

+ 

r2(f) = 

8 ( 1 + p 2 ) 

1 

8 ( 1 + p ^ 

(1 - c o s 4 f ) , 

1 

(26 b) 

, (p s i n 2 r — c o s 2 i ) 
8(1 +p2) 2(1 + p ) 

1 ^ 1 - \ ' A ~ + - ö H s i n 4 r 
4 \ 4 + p ( 1 + p 2 ) 2 / 

(26 c) 

1 / 8 —7p 2 A 
— ^ + 3 p COS4T. 
+P ) \4+p ^ 8(1 + p 

In this order of approx imat ion one gets f rom (20) 

3 + 2 p 2 

4 ( 1 + p 2 ) -ZTSV N- (27) 

Recalling that t = 2 0 t and f rom the expression for 
rl(r) in (24) we have the renormalized frequency for 
the total intensity I(t), 

v % 2 0 • 2 • 1 -
3 + 2 p 2

 2 
r P 

4(1 + P ) 
(28) 

and the cor responding period, expressed in terms of 
the original parameters , 

TI f 2(p2 + 6 0 2 ) / P Aß 

v ~ 2 0 [ p2 + 4 0 2 \(f)2-Aß 

T— T0 oc (Aß)2 when Aß -> 0, T0: 

For Aß<^Aßc and | 0 / p | < ^ l it suffices 

2 0 

T ~ T0 < 1 + -
\(pAß 

\ <t> 

(29 a) 

(29 b) 

(30) 

(25 a) 

(25 b) 

c o s 4 f , 

(26 a) 

Note that there is always a na tura l period T0 due to 
the phase anisotropy. If the interact ion asymmetry Aß 
is switched on, the period increases by a factor that is 
quadrat ical in all parameters , ~ A ß 2 , also ~ p 2 , and 
~ 0 ~ 2 . A na tura l measure for the range of validity of 
(30) seems to be p A ß / ( 2 0 ) < 1. Indeed, this suggestion 
will be confirmed later. 

To the first order in p the intensities are given by 

I(t) = 1 + P 
A ß ) 2(1 + p2) 

( s i n 4 0 r + p c o s 4 0 f ) > , 

/_ (t) = I(t) cos^24>t—^ p ( l — c o s 4 0 r ) j . (31 

(31a) 

b) 
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F r o m this explicit per turbat ive solut ion we easily de-
termine the intensity bounds of the laser ou tpu t in the 
limit cycle state 

^min, max ' 

I ' - l , 

1 - i A ß 

P 

I T " 

1 + 

2 ^L+P 

HP 

(32 a) 

(32 b) 
' 2(1 

Note that 

4n„< |J - lmax<Jmax- (33) 

F o r Aß Aßc and | 0 / p \ <41 and in lowest order of Aß, 

L ' min, max : p { l ' + A ß , I ' - L a x - P d + A / O . (34) 

Under the same paramete r condi t ions the laser in-
tensity oscillates th rough the limit cycle, which is 
centered at I xp(l + Aß/2), with the ampl i tude span 
/m a x — / m i n ~ PAß. The partial intensities periodically 
vary between 0 and / m a x , i.e. p ( l +Aß). 

Numerical calculations confirm all these analytical 
results, especially the period correct ion (30) and the 
ampl i tude ranges (32). 

A compar ison with the p — 0 case (cf. (12)) is helpful 
to get a clear picture of the per turbed (anharmonic) 
periodic solution. 

The total electric field can be approximate ly ex-
pressed as 

<A 
cos — 

2 

. <A 
sin — 

2 

,-2i02 (35) 

2 P 
(2-Aß) 

1 + 
0 / i 

2(p2 + 4 0 2 ) 
(2 0 sin 4 0 t -I- p cos 4 0 0 

cos 0 t— - p(\ — COS40 t) (36) 

sin 0 f — — /i (1 — c o s 4 0 1 ) , - 2 i02 

This describes a field of periodically varying polariza-
tion. In general it is elliptically polarized, including the 
limiting cases of linear and circular polarization. 

4. Large Pumping p 

The above per turba t ion approach is based on the 
small parameter p = p Aß/[4>(2 — Aß)], which is of 

purely mathematical origin. The per turba t ion series 
seems to converge fast enough. It actually is a Four ie r 
series except for the renormalizat ion process of the 
basic frequency. Higher order terms can be obta ined 
straightforwardly. In practice the expansion is conve-
nient only if p is small enough, so that a few low order 
terms are sufficient to give a good approx imat ion of 
the solution, and the time dependence is still nearly 
harmonic. But note that pc can reach the order of 1 if 
10/p | is small. Also it is difficult to confirm the exit 
point pc of the limit cycle range given by (17) f rom this 
per turbat ion approach (a rough approx imat ion con-
sists in letting the obtained per turbat ive frequency 
v be equal to zero and to solve f rom this equat ion for 
Pc)-

For an actual laser in operat ion we usually have 
p > 0 ( > 0). This gives us a small parameter x = 0 / p of 
practical importance. With this small pa ramete r we 
now can consider the behaviour of the laser for p near 
its critical value pc f rom both sides, i.e. in the whole 
transition region, in a unified way. Impor t an t features 
will be the anharmonic oscillations of the intensity and 
of the electric field polarization, and the slowing d o w n 
of the oscillation frequency towards the transition point. 

In order to perform the per turba t ion expansion in 
terms of the new small parameter A, we rewrite (16 a, 
16 b) as 

d ^ 
= — 2(1 -hp r sini//), (37a) 

dr 

dr 1 , 
— = 7(1 —r)r + pr c o s 0 
d r A 

(37 b) 

and take p and A as independent parameters . It is 
obvious that the time scales for $ and r are of the 
order 1 and A, respectively. This suggests to in t roduce 
the following frequency-renormalized per tu rba t ion 
series with two different time scales [11,12]: 

#(*)= £ r(r)= £ r . ( f )A", (38) 
n = 0 n = 0 

where f is a new frequency-renormalized time variable 
and f = f / A characterizes the fast variat ions of r(r), 

(39) T = 1 + T 

The \j/n and rn of this /.-expansion should not be con-
fused with those of the /^-expansion in the previous 
section. 

Although the critical value pc is already known 
from (17), it can also be determined in the f rame of this 



908 D. Yao and S. G r o ß m a n n • A Laser Limit Cycle 

/ . -perturbat ion approach . To do so, we introduce the 
expansion 

Pc = X Pen 
n = 0 

and express p as 
00 

P = P + x p c n ; . " = p + p c - p c 0 , 

(40) 

(41) 

The first order equa t ions for the steady state in the 
range p > p c 0 , 

rl p s in \ f / 0 + ij/1 p cos$0 + ncl sin\j/o = 0, (45a) 

r1—ß cos \J/O = 0, (45 b) 

where p is assumed to be of the order of 1 or, more 
strictly, 1/ / . In the limit cycle range p < p c , so 

have the solutions 

p c l = 0 , i£i = - p s i n i A 0 = l , 

r^p cosiAo = V/P2-Pco- (46) 
Higher order terms can be evaluated routinely. No te 

p < p c 0 , while in the asymmetr ic steady state range that the expansion of the exact critical value f rom (17), 
1 1 p > p c , so p > p c 0 -

As before, we look for asymptotically stable solu-
/ V , = 1 - - A 2 + 

v 7 ^ 1 2 
(47) 

tions order by order and choose the initial condit ion . , c r . , 
r . _ . , _ , , , , shows agreement with our findings ol p c 0 = l and 
t//(i = 0) = 0 in the case ol the time dependent solu 
tions. 

In lowest order of A we have 

# o 
df 

drn 

- 2 { l + p r 0 ( f ) sini^o}, 

— = ( l - r 0 ) r 0 , 

(42 a) 

(42 b) 

Pa=0. 
With p c l = 0 in mind, we derive the first order equa-

tions for the limit cycle state in the paramete r range 
P<Pc0. 

df 
= —2{iJ/1 P cosiAo(T) + RI (*) P sin (T) 

+ ^ 1 [ l + p s i n i A 0 ( f ) ] } , 

which gives us the following asymptot ic solution to-
gether with the value of p c 0 , 

Pco = l> ro = l> 

d r, 
— = — r1 + p cos i / / 0 ( / f ) . 
d r 

(48 a) 

(48 b) 

— 2 arc tan (ß — ^ ß 2 — p 2
0 ) , 

<Ao = 
— 2 Arctan < p + s/p2

0 — p2 tan JPIQ — P2 T — arctan 
JpIO-P2 

P>Pc0'> 

P<Pco-

(43 a) 

(43 b) 

This represents analytically a transi t ion of Hopf bifur-
cat ion type. No te the unusual time dependence of 
0 o ( f ) . It describes highly anha rmonic oscillations with 
quite a long period near the transit ion point. By 
the way, p c 0 = 1 confirms our earlier finding that 
pAß/(2 4>) < 1 characterizes the relevant range of the 
limit cycle regime, cf. the comments after (30). 

F r o m its definition in (41) we have now 

p = p - p c + l . (44) 

To solve the higher order equat ions we proceed 
separately with the steady state and with the time 
dependent state. The rc-th order transi t ion point cor-
rection pc„ will be determined in such a way that the 
«-th order steady state solution is regular (remember 
that the asymmetr ic ou tpu t steady state does not exist 
when Aß<Aßc, i.e., p < p c 0 ) . 

The -equat ion (48 b) can be simply solved using an 
adiabatic approximat ion to get 

r i (£) ~ P c o s (^ • (49 a) 

This is reasonable on the time scales of the homoge-
neous and inhomogeneous terms of (48 b) because 

1. We then have the self-consistent solutions for dx 

and for ijj x (f), 

^ = 0 , (49b) 

f l (f) = {1 + p sin if o (f)} In {1 + fi sin (f)} 

- p s i n i A o ( f ) . (49 c) 

d1 vanishes due to the fact that there is no secular term 
in t£i(f). 

F rom its definition in (41) it is assumed that 
1 /A. Now, knowing p c l = 0 , we can safely relax 

this restriction to A2 
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To conclude, a good approx imat ion for the limit cycle solution with / 2 < ^ p < p c can be expressed as 
follows: 

lA(t)ä - 2 Arctan + J p 2 - ^ 2 tan ( ^ / p 2 

t an y j — p2 x 

p x — arctan P 

2 Arctan 
Jn2

c-p2 + n t a n ^ p 2 — p2 x 

r (t) «1 -(- X p cos ij/(x) ä 1 + Ä p < 1 — 
1 — cos 2 J p2

c—p2 x 

1 -p2 cos2 Jnl-n2 x + n J p \ - p 2 s in2 Jp2
c- p2 x 

(50 a) 

(50 b) 

We have, in some places, applied the approximat ions 
PC = PCO + 0(A2)~Pc0 = 1 and ß = p + 0{X2)xp. Fo r 
the original variables we have 

I(t) = 
1 - 1 Aß 

{\+kfi cos \j/{2(f)t)}, 

7 _ W » / ( t ) c o s ^ ( 2 0 t ) 

(51a) 

(51b) 

The corresponding period can be identified as 

Tn 

T oc (Aßc-Aß) 

71 
T o = 2 0 -

- 1 / 2 

(52 a) 

when Aß ? Aßc. (52 b) 

It clearly exhibits slowing down of the oscillations 
towards the upper t ransi t ion point Aßc. The scaling 
expressed by (52 b) also holds beyond small L In fact 
f rom (43), (39), (16 c), and (44) 

T = T0 

N /2 (fic-n)-(nc-fi)2 
1 + X dnAn . (53) 

According to (39), the quant i ty in the brackets relates 
the two physical times x and f , and therefore can 
neither be zero nor singular in the limit p / Thus 
the scaling is in effect only determined by the denom-
inator in (53) and agrees with (52 a). 

The lower and upper b o u n d s for the intensities are 
as follows: 

P 
min. max Aß 

(1 +Afi), | / _ | m a x = / n (54) 

Near the transit ion point they are 

I P + 2 0 , 
I ' - l , ; p + 2 0 . (55) 

So the laser intensity oscillates through the limit cycle, 
which is centered at / « p + </>, with the span /m a x — /m i n 

= 20. The part ial intensities periodically vary between 

0 and 7max . Note that all these oscillations are now 
highly anharmonic . 

Figures 3 and 4 demons t ra te our analytical results 
(51). We recognize nice agreement with the results of 
the numerical integration of (3)-(5) in Figs. 1 and 2. 

The electric field can be directly obtained f rom (35), 
and the comments at the end of Sect. 3 are valid here 
too. 

Fig. 3. The analytical solutions (51) from the perturbation 
expansion for the intensities. The parameters used are the 
same as in Figure 1. Compare the nice agreement with Fig. 1 
after transients. 
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Fig. 4. The same as in Fig. 3 but with the parameters used in 
Figure 2. The agreement after transients is also good. 
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It should be pointed out that the two per turbat ion 
approaches coincide quite well in the common param-
eter region /.2 < p 1 as expected. In fact we can ob-
tain almost the same as in Fig. 3 from the analytical 
expressions (31). 

5. Concluding Remarks 

We have considered in detail the limit cycle solution 
of the polar izat ion dynamics for the two electric field 
polar izat ion modes of a monochromat i c gas laser with 
an intensity coupling asymmetry Aß and a linear phase 
anisot ropy 0 in the cavity loss. This solution results 
f rom mode coopera t ion as well as competi t ion and 
only shows up in a parameter window 0<Aß< Aßc of 
the lasing state p> 0. The upper critical value Aßc 

crucially depends on the linear phase anisotropy, and 
the window shrinks when the p u m p rate becomes 
larger. This solution is intermediate between the sym-
metric ou tpu t s teady state with linear polarizat ion 
and the asymmetr ic ou tpu t steady state with almost 
circular polarization. In this parameter window both 
the intensity and the polar izat ion oscillate periodi-
cally and, while the total intensity varies periodically 
with a small change of magni tude, the two partial 
intensities vary between zero and their max imum with 
a period twice as large as that of the total intensity 

oscillation. If the intensity coupl ing asymmetry is 
small, all these oscillations are nearly harmonic, but 
they become highly anha rmon ic and with longer 
period when the intensity coupl ing asymmetry ap-
proaches the upper critical value Aßc. This corre-
sponds to two different Hopf bifurcat ions when enter-
ing the window at Aß = 0 or at Aß = Aßc. 

Using frequency-renormalized per turba t ion meth-
ods we have considered two limiting cases of small 
intensity coupling asymmetry and large pumping, re-
spectively. In the former case it actually is a Four ie r 
series expansion with a renormal iza t ion of the basic 
frequency. The result is a good approximat ion only 
for the range of nearly harmonic t ime dependence. In 
the latter case there clearly exist two different t ime 
scales. It demands a more e labora te per turba t ion 
technique and, at the same time, allows to apply an 
adiabatic approximat ion in solving the per turba t ion 
equations. The strongly a n h a r m o n i c time dependence 
can thus well be studied. 
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